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GENERICITY OF FRE´CHET SMOOTH SPACES
ONDRˇEJ KURKA
Abstract. If a separable Banach space X contains an isometric copy of every
separable reflexive Fre´chet smooth Banach space, then X contains an isometric
copy of every separable Banach space. The same conclusion holds if we consider
separable Banach spaces with Fre´chet smooth dual space. This improves a
result of G. Godefroy and N. J. Kalton.
1. Introduction
In 1968, W. Szlenk [16] proved that a separable Banach space which is iso-
morphically universal for separable reflexive spaces has non-separable dual. Later,
J. Bourgain [4] proved that such a space is also isomorphically universal for all sep-
arable Banach spaces. Works of B. Bossard [3] and of S. A. Argyros and P. Dodos
[1] introduced new ways how to apply descriptive set theoretic methods to univer-
sality questions in Banach space theory. (For a survey on the subject, see [7], for
an introduction, see [11].)
The techniques from descriptive set theory provide an appropriate approach to
universality questions indeed. By a recent result of P. Dodos [6], the following two
notions of genericity are equivalent for a class C of separable Banach spaces:
(1) A separable Banach space which is isomorphically universal for C is also
isomorphically universal for all separable Banach spaces.
(2) Every analytic subset A of the standard Borel space of separable Banach
spaces containing all members of C up to isomorphism must also contain an element
which is isomorphically universal for all separable Banach spaces.
Note that the isometric analogies of these genericities can be considered (this is
our case actually). As far as we know, it is not known whether Dodos’ result holds
in the isometric setting.
The method how to show that a class C is generic was introduced by B. Bossard
in [3] and based on a previous work [2]. It consists in constructing a tree space such
that every branch supports a universal space and every well-founded tree supports
a space from C (this is Theorem 5.1 for us). The existence of such a tree space leads
quickly to the desired genericity result (this is Theorem 5.4 for us).
The present paper follows papers of G. Godefroy [10] and of G. Godefroy and
N. J. Kalton [13]. It was shown in [13] that a separable Banach space which is
isometrically universal for separable strictly convex Banach spaces is also isomet-
rically universal for all separable Banach spaces. We show in Theorem 5.4 that it
is possible to consider the spaces with Fre´chet smooth dual or the reflexive Fre´chet
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smooth spaces instead of strictly convex spaces. In particular, the isometric version
of Bourgain’s result is obtained.
It should be pointed out that our research was motived by [10, Problem 1] which
is solved now by [10, Proposition 15] and Corollary 5.2. We were informed by
G. Godefroy that a result of A. Szankowski [15] was overlooked in [10] and [13].
It is shown in [15] that there exists a separable reflexive Banach space which is
isometrically universal for all finite-dimensional spaces.
A reader interested in the connections between Banach space theory and descrip-
tive set theory should know that a number of remarkable open problems is stated
in [12]. We would like to recall that it is an interesting problem to find an isometric
version of the Argyros-Dodos [1] amalgamation theory which would provide small
isometrically universal spaces for small families of Banach spaces (and which would
possibly include the result of Szankowski [15]).
Notions and notation
Throughout the paper, Banach space means real Banach space (nevertheless,
the results from Section 2 are valid in the complex setting as well). If X,Y, Z are
Banach spaces such that Z = X ⊕ Y , then we identify the dual Z∗ with X∗ ⊕ Y ∗
via
(x∗ + y∗)(x + y) = x∗(x) + y∗(y), x ∈ X, y ∈ Y, x∗ ∈ X∗, y∗ ∈ Y ∗.
In particular, a functional x∗ ∈ X∗ is viewed also as a functional from Z∗. We
usually denote the norm of x∗ by ‖x∗‖X or by ‖x∗‖Z to indicate the space the
norm is ment with respect to.
By N<N we denote the set of all finite sequences of natural numbers, including
the empty sequence ∅. That is,
N
<N =
∞⋃
l=0
N
l
where N0 = {∅}. By η ⊂ ν we mean that η is an initial segment of ν, i.e., the length
l of η is less or equal to the length of ν and η(i) = ν(i) for 1 ≤ i ≤ l. A subset T
of N<N is called a tree if
η ⊂ ν & ν ∈ T ⇒ η ∈ T.
The set of all trees is denoted by Tr and endowed with the topology induced by
the topology of 2N
<N
. We say that a tree T is ill-founded if there exists an infinite
sequence n1, n2, . . . of natural numbers such that (n1, . . . , nk) ∈ T for every k ∈ N.
In the opposite case, we say that T is well-founded.
A Polish space (topology) means a separable completely metrizable space (topol-
ogy). A set P equipped with a σ-algebra is called a standard Borel space if the
σ-algebra is generated by a Polish topology on P . A subset of a standard Borel
space is called analytic if it is the Borel image of a Polish space.
For a topological space X , the set F(X) of all closed subsets of X is equipped
with the Effros-Borel structure, defined as the σ-algebra generated by the sets
{F ∈ F(X) : F ∩ U 6= ∅}
where U varies over open subsets of X .
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The standard Borel space of separable Banach spaces is defined by
SE(C([0, 1])) =
{
F ∈ F(C([0, 1])) : F is linear
}
.
For a system {xη : η ∈ N<N} of elements of a Banach space, we define∑
η∈N<N
xη = lim
T
∑
η∈T
xη (if the limit exists)
where the limit is taken over all finite trees T directed by inclusion.
The notions and notation we use but do not introduce here are classical and well
explained e.g. in [9] and [14].
2. Generalized ℓ2-sum
In this section, we introduce a sum of Banach spaces which generalizes the com-
mon ℓ2-sum in the sense that the summed spaces can have non-trivial intersection.
This allows to provide our conception of a tree space (Proposition 2.7).
Definition 2.1. Let (X, ‖ · ‖X) and (Yk, ‖ · ‖Yk), k ∈ N, be Banach spaces. For
every k ∈ N, let ‖ · ‖X⊕Yk be a norm on X ⊕ Yk which coincides with ‖ · ‖X on X
and with ‖ · ‖Yk on Yk and which, moreover, is monotone in the sense that
‖x+ yk‖X⊕Yk ≥ ‖x‖X , x ∈ X, yk ∈ Yk.
We put
Λ(X ⊕ Yk) =
{
x∗ +
∑
k∈N
αky
∗
k : x
∗ ∈ X∗, y∗k ∈ Y
∗
k ,
‖x∗ + y∗k‖X⊕Yk ≤ 1, 0 ≤ αk ≤ 1,
∑
k∈N
α2k ≤ 1
}
.
We define space (Σ(X ⊕ Yk), ‖ · ‖Σ) by
Σ(X ⊕ Yk) =
{
x+ y1 + y2 + · · · ∈ X ⊕ Y1 ⊕ Y2 ⊕ · · · :
∑
k∈N
‖yk‖
2
Yk <∞
}
,
‖z‖Σ = ‖z‖Σ(X⊕Yk) = sup
{
|z∗(z)| : z∗ ∈ Λ(X ⊕ Yk)
}
, z ∈ Σ(X ⊕ Yk).
Lemma 2.2. (A) We have
max
{
‖x‖X ,
1
2
(∑
k∈N
‖yk‖
2
Yk
)1/2}
≤
∥∥∥x+∑
k∈N
yk
∥∥∥
Σ
≤ ‖x‖X +
(∑
k∈N
‖yk‖
2
Yk
)1/2
.
In particular, (Σ(X⊕Yk), ‖ ·‖Σ) is isomorphic to the standard ℓ2-sum of the spaces
X,Y1, Y2, . . . .
(B) The dual norm of ‖ · ‖Σ fulfills
max
{
‖x∗‖X ,
(∑
k∈N
‖y∗k‖
2
Yk
)1/2}
≤
∥∥∥x∗ +∑
k∈N
y∗k
∥∥∥
Σ
≤ ‖x∗‖X + 2
(∑
k∈N
‖y∗k‖
2
Yk
)1/2
.
Proof. It is sufficient to prove (A) because (B) follows. Let z = x +
∑
k∈N yk
where
∑
k∈N ‖yk‖
2
Yk
< ∞. For an element z∗ of Λ(X ⊕ Yk), represented by z
∗ =
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x∗ +
∑
k∈N αky
∗
k, we have (note that ‖x
∗ + y∗k‖X⊕Yk ≤ 1 implies ‖x
∗‖X ≤ 1 and
‖y∗k‖Yk ≤ 1)
|z∗(z)| =
∣∣∣x∗(x) +∑
k∈N
αky
∗
k(yk)
∣∣∣
≤ ‖x∗‖X‖x‖X +
∑
k∈N
αk‖y
∗
k‖Yk‖yk‖Yk
≤ ‖x‖X +
(∑
k∈N
α2k
)1/2(∑
k∈N
‖yk‖
2
Yk
)1/2
≤ ‖x‖X +
(∑
k∈N
‖yk‖
2
Yk
)1/2
.
Therefore,
‖z‖Σ ≤ ‖x‖X +
(∑
k∈N
‖yk‖
2
Yk
)1/2
.
Let x∗ ∈ X∗ be a functional such that ‖x∗‖X = 1 and x∗(x) = ‖x‖X . We have also
‖x∗‖X⊕Yk = 1 for each k ∈ N (as |x
∗(x′+y′k)| = |x
∗(x′)| ≤ ‖x∗‖X‖x
′‖X = ‖x
′‖X ≤
‖x′ + y′k‖X⊕Yk). So, x
∗ ∈ Λ(X ⊕ Yk) and
‖z‖Σ ≥ x
∗(z) = x∗(x) = ‖x‖X .
Further, let y∗k ∈ Y
∗
k , k ∈ N, be functionals such that ‖y
∗
k‖Yk = 1/2 and y
∗
k(yk) =
(1/2)‖yk‖Yk . We have ‖y
∗
k‖X⊕Yk ≤ 1 (as |y
∗
k(x
′+ y′k)| = |y
∗
k(y
′
k)| ≤ ‖y
∗
k‖Yk‖y
′
k‖Yk =
(1/2)‖y′k‖Yk ≤ (1/2)(‖x
′ + y′k‖X⊕Yk + ‖ − x
′‖X⊕Yk) ≤ ‖x
′ + y′k‖X⊕Yk). If we set
αk =
(∑
j∈N
‖yj‖
2
Yj
)−1/2
‖yk‖Yk ,
then we obtain
‖z‖Σ ≥
(∑
k∈N
αky
∗
k
)
(z)
=
∑
k∈N
αky
∗
k(yk)
=
(∑
j∈N
‖yj‖
2
Yj
)−1/2∑
k∈N
‖yk‖Yk(1/2)‖yk‖Yk
=
1
2
(∑
k∈N
‖yk‖
2
Yk
)1/2
.

Lemma 2.3. Let PX : X → X and PYk : Yk → Yk, k ∈ N, be projections with
‖PX + PYk‖X⊕Yk ≤ 1, k ∈ N (by PX + PYk we mean x+ yk 7→ PXx+ PYkyk).
(A) The projection
P : x+
∑
k∈N
yk 7→ PXx+
∑
k∈N
PYkyk
fulfills ‖P‖Σ ≤ 1.
(B) We have
‖z‖Σ(PXX⊕PYkYk) = ‖z‖Σ(X⊕Yk), z ∈ Σ(PXX ⊕ PYkYk),
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i.e., for the elements of Σ(PXX ⊕ PYkYk), it does not matter whether we consider
the norm ‖ · ‖Σ with respect to the spaces PXX,PY1Y1, PY2Y2, . . . or the spaces
X,Y1, Y2, . . . .
Proof. (A) We prove first the implication
z∗ ∈ Λ(X ⊕ Yk) ⇒ P
∗z∗ ∈ Λ(X ⊕ Yk).
So, let z∗ ∈ Λ(X ⊕ Yk) and let z∗ be represented by z∗ = x∗ +
∑
k∈N αky
∗
k. Since
‖P ∗Xx
∗ + P ∗Yky
∗
k‖X⊕Yk = ‖(PX + PYk)
∗(x∗ + y∗k)‖X⊕Yk
≤ ‖(PX + PYk)
∗‖X⊕Yk‖x
∗ + y∗k‖X⊕Yk
≤ 1,
we have
P ∗z∗ = P ∗Xx
∗ +
∑
k∈N
αkP
∗
Yk
y∗k ∈ Λ(X ⊕ Yk),
and the implication is proved.
Now, for z ∈ Σ(X ⊕ Yk), we obtain
‖Pz‖Σ = sup
{
|P ∗z∗(z)| : z∗ ∈ Λ(X⊕Yk)
}
≤ sup
{
|z∗(z)| : z∗ ∈ Λ(X⊕Yk)
}
= ‖z‖Σ.
(B) Let z = Pz ∈ Σ(PXX ⊕ PYkYk). We want to show that r = s where
r = sup
{
|z∗(z)| : z∗ ∈ Λ(PXX ⊕ PYkYk)
}
,
s = sup
{
|z∗(z)| : z∗ ∈ Λ(X ⊕ Yk)
}
.
Similarly as above, we prove first the implication
z∗ ∈ Λ(PXX ⊕ PYkYk) ⇒ z
∗ ◦ P ∈ Λ(X ⊕ Yk).
So, let z∗ ∈ Λ(PXX ⊕ PYkYk) and let z
∗ be represented by z∗ = x∗ +
∑
k∈N αky
∗
k.
Since
‖x∗ ◦ PX + y
∗
k ◦ PYk‖X⊕Yk = ‖(x
∗ + y∗k) ◦ (PX + PYk)‖X⊕Yk
≤ ‖x∗ + y∗k‖PXX⊕PYkYk‖PX + PYk‖X⊕Yk
≤ 1,
we have
z∗ ◦ P = x∗ ◦ PX +
∑
k∈N
αky
∗
k ◦ PYk ∈ Λ(X ⊕ Yk),
and the implication is proved. Now, we obtain
r = sup
{
|z∗(Pz)| : z∗ ∈ Λ(PXX ⊕ PYkYk)
}
≤ sup
{
|z∗(z)| : z∗ ∈ Λ(X ⊕ Yk)
}
= s.
To show the opposite inequality, we prove first the implication
z∗ ∈ Λ(X ⊕ Yk) ⇒ z
∗|Σ(PXX⊕PYkYk) ∈ Λ(PXX ⊕ PYkYk).
So, let z∗ ∈ Λ(X ⊕ Yk) and let z
∗ be represented by z∗ = x∗ +
∑
k∈N αky
∗
k. Since
clearly
‖x∗|PXX + y
∗
k|PYkYk‖PXX⊕PYkYk ≤ ‖x
∗ + y∗k‖X⊕Yk ≤ 1,
we have
z∗|Σ(PXX⊕PYkYk) = x
∗|PXX +
∑
k∈N
αky
∗
k|PYkYk ∈ Λ(PXX ⊕ PYkYk),
and the implication is proved. Now, we obtain immediately that s ≤ r. 
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Proposition 2.4. Let k ∈ N. If x ∈ X and yk ∈ Yk, then
‖x+ yk‖Σ = ‖x+ yk‖X⊕Yk .
Similarly, if x∗ ∈ X∗ and y∗k ∈ Y
∗
k , then
‖x∗ + y∗k‖Σ = ‖x
∗ + y∗k‖X⊕Yk .
Finally, if x∗ ∈ X∗, then
‖x∗‖Σ = ‖x
∗‖X .
Proof. Let K ∈ N be fixed (K plays the same role here as k in the proposition).
For x ∈ X and yK ∈ YK , we have
‖x+ yK‖Σ = sup
{
|z∗(x+ yK)| : z
∗ ∈ Λ(X ⊕ Yk)
}
= sup
{∣∣x∗(x) + αKy∗K(yK)∣∣ : x∗ ∈ X∗, y∗K ∈ Y ∗K ,
‖x∗ + y∗K‖X⊕YK ≤ 1, 0 ≤ αK ≤ 1
}
= max
{
sup
{∣∣(x∗ + y∗K)(x+ yK)∣∣ : ‖x∗ + y∗K‖X⊕YK ≤ 1},
sup
{∣∣(x∗ + y∗K)(x)∣∣ : ‖x∗ + y∗K‖X⊕YK ≤ 1}}
= max
{
‖x+ yK‖X⊕YK , ‖x‖X⊕YK
}
= ‖x+ yK‖X⊕YK .
Let PX = idX , PYK = idYK and PYk = 0 for k 6= K. The assumption of Lemma
2.3 is satisfied due to the monotonicity of the norms ‖ · ‖X⊕Yk . So, the projection
P : x+
∑
k∈N
yk 7→ x+ yK
fulfills ‖P‖Σ ≤ 1. Now, let x∗ ∈ X∗ and y∗K ∈ Y
∗
K . For z ∈ Σ(X ⊕ Yk), we have,
using the first part of the proposition,
|(x∗ + y∗K)(z)| = |(x
∗ + y∗K)(Pz)|
≤ ‖x∗ + y∗K‖X⊕YK‖Pz‖X⊕YK
= ‖x∗ + y∗K‖X⊕YK‖Pz‖Σ
≤ ‖x∗ + y∗K‖X⊕YK‖z‖Σ,
and so ‖x∗ + y∗K‖Σ ≤ ‖x
∗ + y∗K‖X⊕YK . The opposite inequality is clear.
Finally, the inequality ‖x∗‖Σ = ‖x∗‖X follows from Lemma 2.2(B). 
Lemma 2.5. Λ(X ⊕ Yk) is compact in the w∗-topology.
Proof. We prove that Λ(X ⊕ Yk) is a continuous image of a compact space. We
define
K =
{
(x∗, y∗1 , y
∗
2 , . . . ) ∈ X
∗ × Y ∗1 × Y
∗
2 × · · · : ‖x
∗ + y∗k‖X⊕Yk ≤ 1
}
,
B+ℓ2 =
{
(αk)k∈N ∈ ℓ
2 : 0 ≤ αk ≤ 1,
∑
k∈N
α2k ≤ 1
}
.
If we consider the w∗-topology on the duals X∗, Y ∗1 , Y
∗
2 , . . . , then K is compact
(note that K ⊂ BX∗ ×BY ∗
1
×BY ∗
2
× . . . , as ‖x∗ + y∗k‖X⊕Yk ≤ 1 implies ‖x
∗‖X ≤ 1
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and ‖y∗k‖Yk ≤ 1). If we consider the weak topology on ℓ
2, then B+ℓ2 is compact. It
remains to check that
λ :
(
(x∗, y∗1 , y
∗
2 , . . . ), (αk)k∈N
)
7→ x∗ +
∑
k∈N
αky
∗
k
is continuous on K ×B+ℓ2 where we consider the w
∗-topology on the dual of Σ(X ⊕
Yk). In other words, it remains to check that (λ( · ))(z) is continuous on K × B
+
ℓ2
for every z = x +
∑
k∈N yk ∈ Σ(X ⊕ Yk). Let such a z be fixed and let zl denote
x+
∑l
k=1 yk. Since the functions
(λ( · ))(zl) :
(
(x∗, y∗1 , y
∗
2 , . . . ), (αk)k∈N
)
7→ x∗(x) +
l∑
k=1
αky
∗
k(yk)
are clearly continuous, it is sufficient to show that (λ( · ))(zl) converges uniformly
to (λ( · ))(z) as l→∞. We write
sup
a∈K×B+
ℓ2
∣∣(λ(a))(z)− (λ(a))(zl)∣∣ = sup
z∗∈Λ(X⊕Yk)
|z∗(z − zl)| = ‖z − zl‖Σ,
which tends to 0 as l→∞. 
Lemma 2.6. Let X1 and X2 be subspaces of X such that X = X1 ⊕ X2 and let
c > 0. If, for every k ∈ N,
‖x1 + x2 + yk‖X⊕Yk ≥ ‖x1‖X + c‖x2 + yk‖X⊕Yk , x1 ∈ X1, x2 ∈ X2, yk ∈ Yk,
then ∥∥∥x1 + x2 +∑
k∈N
yk
∥∥∥
Σ
≥ ‖x1‖X + c
∥∥∥x2 +∑
k∈N
yk
∥∥∥
Σ
for x1 + x2 +
∑
k∈N yk ∈ Σ(X ⊕ Yk) where x1 ∈ X1, x2 ∈ X2, yk ∈ Yk.
Proof. Let x1 + x2 +
∑
k∈N yk ∈ Σ(X ⊕ Yk) where x1 ∈ X1, x2 ∈ X2, yk ∈ Yk. By
Lemma 2.5, the supremum in the definition of ‖ · ‖Σ is attained. So, we have∥∥∥x2 +∑
k∈N
yk
∥∥∥
Σ
= x∗(x2) +
∑
k∈N
αky
∗
k(yk)
for some x∗ +
∑
k∈N αky
∗
k ∈ Λ(X ⊕ Yk). Let x
∗
2 be the X
∗
2 -component of x
∗ (i.e.,
x∗2(x
′
1 + x
′
2) = x
∗(x′2) for x
′
1 ∈ X1, x
′
2 ∈ X2). Let x
∗
1 ∈ X
∗
1 be such that ‖x
∗
1‖X = 1
and x∗1(x1) = ‖x1‖X . We claim that
x∗1 + c
(
x∗2 +
∑
k∈N
αky
∗
k
)
∈ Λ(X ⊕ Yk).
Indeed, for k ∈ N, we have ‖x∗1 + c(x
∗
2 + y
∗
k)‖X⊕Yk ≤ 1 because, for x
′
1 ∈ X1, x
′
2 ∈
X2, y
′
k ∈ Yk,∣∣(x∗1 + c(x∗2 + y∗k))(x′1 + x′2 + y′k)∣∣ ≤ |x∗1(x′1)|+ c|(x∗ + y∗k)(x′2 + y′k)|
≤ ‖x′1‖X + c‖x
′
2 + y
′
k‖X⊕Yk
≤ ‖x′1 + x
′
2 + y
′
k‖X⊕Yk .
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Now, we obtain∥∥∥x1 + x2 +∑
k∈N
yk
∥∥∥
Σ
≥
(
x∗1 + c
(
x∗2 +
∑
k∈N
αky
∗
k
))(
x1 + x2 +
∑
k∈N
yk
)
= x∗1(x1) + c
(
x∗(x2) +
∑
k∈N
αky
∗
k(yk)
)
= ‖x1‖X + c
∥∥∥x2 +∑
k∈N
yk
∥∥∥
Σ
.

Proposition 2.7. Let (F, ‖·‖F ) be a Banach space with a monotone basis {f1, f2, . . . }.
Then there is a Banach space (E, ‖ · ‖) with a basis {eη : η ∈ N<N} such that
(a) if (n1, . . . , nl) ∈ N
<N and r0, r1, . . . , rl are scalars, then∥∥∥ l∑
i=0
rien1,...,ni
∥∥∥ = ∥∥∥ l∑
i=0
rifi+1
∥∥∥
F
,
(b) for every (n1, . . . , nl) ∈ N
<N, we have
En1,...,nl = Σ(En1,...,nl,k)
where
Eν = span{eη : η ⊂ ν or ν ⊂ η},
(c) the basis {eη : η ∈ N<N} is monotone in the sense that, for every tree T , the
projection
PT :
∑
η∈N<N
rηeη 7→
∑
η∈T
rηeη
fulfills ‖PT ‖ ≤ 1,
(d) if l ∈ N ∪ {0} and cl > 0 is a constant such that
‖f‖F ≥ ‖Pl+1f‖F + cl‖f − Pl+1f‖F , f ∈ F,
where (Pn)
∞
n=1 denotes the sequence of partial sum operators associated with the
basis {f1, f2, . . . }, then, for every (n1, . . . , nl) ∈ N
l,∥∥∥ ∑
η∈N<N
rηeη
∥∥∥ ≥ ∥∥∥ ∑
η⊂(n1,...,nl)
rηeη
∥∥∥+ cl∥∥∥ ∑
η%(n1,...,nl)
rηeη
∥∥∥, ∑
η∈N<N
rηeη ∈ En1,...,nl .
Proof. Let L ∈ N. In L + 1 steps, we construct a norm ‖ · ‖ on the space EL =
ℓ2(N≤L). Let eη denote the element of ℓ
2(N≤L) which has 1 on the position η and
0 elsewhere. Let us denote
ELν = span{eη : η ∈ N
≤L, η ⊂ ν or ν ⊂ η}.
In the first step, for every (n1, . . . , nL) ∈ NL, we define the norm on ELn1,...,nL by
(1)
∥∥∥ L∑
i=0
rien1,...,ni
∥∥∥ = ∥∥∥ L∑
i=0
rifi+1
∥∥∥
F
,
L∑
i=0
rien1,...,ni ∈ E
L
n1,...,nL .
Recursively, for l = L − 1, L − 2, . . . , 1, 0, we define the norm on the spaces
ELn1,...,nl , (n1, . . . , nl) ∈ N
l, by
(2) ELn1,...,nl = Σ(E
L
n1,...,nl,k), (n1, . . . , nl) ∈ N
l.
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Notice that, by Proposition 2.4, formula (2) does not change the norm on the spaces
ELn1,...,nl,k. So, (2) preserves the norm where it has been already defined. In the
last step l = 0, the norm is defined on EL∅ = E
L.
Further, if T is a tree, then, using Lemma 2.3(A), one can show by induction
l+ 1→ l that, for 0 ≤ l ≤ L,
(3)
∥∥∥ ∑
η∈T∩N≤L
rηeη
∥∥∥ ≤ ∥∥∥ ∑
η∈N≤L
rηeη
∥∥∥, ∑
η∈N≤L
rηeη ∈
⋃
(n1,...,nl)∈Nl
ELn1,...,nl .
At the same time, if 0 ≤ l0 ≤ L and cl0 are as in (d), then, using Lemma 2.6, one
can show by induction l + 1→ l that, for l0 ≤ l ≤ L,
(4)
∥∥∥ ∑
η∈N≤L
rηeη
∥∥∥ ≥ ∥∥∥ ∑
η⊂(n1,...,nl0)
rηeη
∥∥∥+ cl0∥∥∥ ∑
η%(n1,...,nl0)
rηeη
∥∥∥,
∑
η∈N≤L
rηeη ∈
⋃
(n1,...,nl)∈Nl
ELn1,...,nl .
Now, consider the above constructed space (EL, ‖ · ‖) for every L ∈ N. We
identify the space EL = ℓ2(N≤L) with its natural embedding to EK = ℓ2(N≤K)
where K ≥ L. By (3), the norm constructed on EK fulfills∥∥∥ ∑
η∈N≤L
rηeη
∥∥∥ ≤ ∥∥∥ ∑
η∈N≤K
rηeη
∥∥∥, ∑
η∈N≤K
rηeη ∈ E
K .
Lemma 2.3(B) guarantees that the norm constructed on EL is the same as the norm
constructed on EK restricted on EL. So, we can define (E, ‖ · ‖) as the completion
of ( ⋃
L∈N
EL, ‖ · ‖
)
.
By (3), the norm fulfills in particular
(5)
∥∥∥ ∑
η∈N≤L
rηeη
∥∥∥ ≤ ∥∥∥ ∑
η∈N<N
rηeη
∥∥∥, ∑
η∈N<N
rηeη ∈ E, L ∈ N.
Properties (a)–(d) easily follow from (1)–(4) (concerning (b), we just realize that,
by (2), (5) and Lemma 2.3(B), we have ‖e‖ = ‖e‖Σ(En1,...,nl,k) for e ∈ En1,...,nl ∩
EL). 
Remark 2.8. (i) The space (E, ‖ · ‖) in Proposition 2.7 is uniquely determined by
conditions (a) and (b).
(ii) The subspace of E supported by a well-founded tree T is reflexive. To
prove this, we can use a similar argument as in the proof of Theorem 5.1 and the
observation that, for (n1, . . . , nl) ∈ N<N,
∀k : PTEn1,...,nl,k is reflexive ⇒ PTEn1,...,nl is reflexive
by (68) and Lemma 2.2.
Since there is an isometrically universal space (F, ‖ · ‖F ) with a monotone basis
(see, e.g., [5, p. 34]), we can use the arguments in the proofs of Corollary 5.2 and
Theorem 5.4 to prove that reflexive spaces are generic. In other words, if the reader
wants to know only the proof of the isometric version of Bourgain’s result [4], then
he does not have to deal with the machinery of the following two sections.
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(iii) The initial data do not have to be the same for every branch. Instead of one
collective space (F, ‖ · ‖F ) with a monotone basis {f1, f2, . . . }, we can consider a
space (F σ, ‖·‖Fσ ) with a monotone basis {fσ1 , f
σ
2 , . . . } for every individual sequence
σ = (n1, n2, . . . ) ∈ NN. It is just necessary that the right side of the equality∥∥∥ l∑
i=0
rien1,...,ni
∥∥∥ = ∥∥∥ l∑
i=0
rif
σ
i+1
∥∥∥
Fσ
is independent of σ ⊃ (n1, . . . , nl).
Tree spaces with various subspaces supported by branches were constructed and
studied by Argyros and Dodos [1] (see also [8, 6] or the survey [7]). Their concep-
tion of a tree space provides non-trivial isomorphically universal spaces for several
analytic families of Banach spaces.
(iv) One can consider monotone decompositions instead of monotone bases.
3. Preservation of smoothness
In this section, we prove that the generalized ℓ2-sum introduced in the previous
section preserves smoothness of the dual norm (Proposition 3.6).
Lemma 3.1. Let X be a Banach space and let Λ ⊂ BX∗ be compact in the w∗-
topology such that cow
∗
Λ = BX∗ . If the dual norm is Fre´chet differentiable at every
x∗ ∈ Λ ∩ SX∗, then X∗ is Fre´chet smooth.
Proof. Let a∗ ∈ SX∗ . There is a probability measure µ on Λ such that
a∗ =
∫
Λ
x∗dµ(x∗).
We have
1 = ‖a∗‖ ≤
∫
Λ
‖x∗‖dµ(x∗).
Since ‖x∗‖ ≤ 1 for x∗ ∈ Λ, we have ‖x∗‖ = 1 for µ-almost every x∗ ∈ Λ. It follows
that the dual norm is Fre´chet differentiable at µ-almost every x∗ ∈ Λ. We write
lim
△x∗→0
‖a∗ +△x∗‖+ ‖a∗ −△x∗‖ − 2
‖△x∗‖
= lim
△x∗→0
‖
∫
Λ(x
∗ +△x∗)dµ(x∗)‖+ ‖
∫
Λ(x
∗ −△x∗)dµ(x∗)‖ − 2
‖△x∗‖
≤ lim
△x∗→0
∫
Λ
‖x∗ +△x∗‖+ ‖x∗ −△x∗‖ − 2
‖△x∗‖
dµ(x∗)
=
∫
Λ
lim
△x∗→0
‖x∗ +△x∗‖+ ‖x∗ −△x∗‖ − 2
‖△x∗‖
dµ(x∗)
= 0.
So, the dual norm is Fre´chet differentiable at a∗. 
Lemma 3.2. Let X,Y be Banach spaces and ‖ · ‖ be a norm on X ⊕ Y . Let
x∗ + y∗ ∈ X∗ ⊕ Y ∗ be such that
• 1 = ‖x∗‖ = ‖x∗ + y∗‖,
• the partial Fre´chet differential ∂/∂x∗ of the dual norm exists at x∗,
• the partial Fre´chet differential ∂/∂y∗ of the dual norm equals to 0 at x∗+y∗.
Then the dual norm is Fre´chet differentiable at x∗ + y∗.
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Proof. It remains to show that the partial Fre´chet differential ∂/∂x∗ of the dual
norm exists at x∗ + y∗. Let Γ be the partial Fre´chet differential ∂/∂x∗ of the dual
norm at x∗. For a fixed ε > 0, we show that
‖x∗ + y∗ +△x∗‖ ≤ 1 + Γ(△x∗) + (‖y∗‖+ 1)ε‖△x∗‖
for every △x∗ from a neighbourhood of 0 in X∗. Let C > 0 and δ > 0 be chosen
so that
‖△x∗‖ ≤ 1/C ⇒ ‖x∗ +△x∗‖ ≤ 1 + Γ(△x∗) + ε‖△x∗‖,
‖△y∗‖ ≤ δ ⇒ ‖x∗ + y∗ +△y∗‖ ≤ 1 + (ε/C)‖△y∗‖
for △x∗ ∈ X∗ and △y∗ ∈ Y ∗.
The inequalities
1− C‖△x∗‖ > 0,
C‖△x∗‖
1− C‖△x∗‖
‖y∗‖ < δ
define a neighbourhood of 0 in X∗. For every △x∗ 6= 0 from this neighbourhood,
we have
‖x∗ + y∗ +△x∗‖ ≤
∥∥∥(1− C‖△x∗‖)x∗ + y∗∥∥∥+ ∥∥∥(C‖△x∗‖)x∗ +△x∗∥∥∥
= (1− C‖△x∗‖)
∥∥∥x∗ + y∗ + C‖△x∗‖
1− C‖△x∗‖
y∗
∥∥∥
+C‖△x∗‖
∥∥∥x∗ + 1
C‖△x∗‖
△x∗
∥∥∥
≤ (1− C‖△x∗‖)
(
1 + (ε/C)
∥∥∥ C‖△x∗‖
1− C‖△x∗‖
y∗
∥∥∥)
+C‖△x∗‖
(
1 +
1
C‖△x∗‖
Γ(△x∗) + ε
∥∥∥ 1
C‖△x∗‖
△x∗
∥∥∥)
= 1+ Γ(△x∗) + (‖y∗‖+ 1)ε‖△x∗‖.

In the remainder of the section, we work with the notation from Definition 2.1.
Note that it follows from the definition of the norm ‖ · ‖Σ that
B(Σ(X⊕Yk))∗ = co
w∗Λ(X ⊕ Yk).
Lemma 3.3. If x∗ ∈ X∗, y∗k ∈ Y
∗
k , k ∈ N, are such that supk∈N ‖x
∗+y∗k‖X⊕Yk <∞
and 0 ≤ αk ≤ 1, k ∈ N, satisfy
∑
k∈N α
2
k ≤ 1, then∥∥∥x∗ +∑
k∈N
αky
∗
k
∥∥∥
Σ
≤ sup
k∈N
‖x∗ + y∗k‖X⊕Yk .
Proof. We may assume that
sup
k∈N
‖x∗ + y∗k‖X⊕Yk = 1.
Under this assumption, we have
x∗ +
∑
k∈N
αky
∗
k ∈ Λ(X ⊕ Yk),
and so ∥∥∥x∗ +∑
k∈N
αky
∗
k
∥∥∥
Σ
≤ 1 = sup
k∈N
‖x∗ + y∗k‖X⊕Yk .
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
Lemma 3.4. Let the dual of X ⊕ Yk be Fre´chet smooth for every k ∈ N. Then the
dual norm of ‖·‖Σ is Fre´chet differentiable at every z∗ ∈ Λ(X⊕Yk)∩S(Σ(X⊕Yk))∗ , z
∗ =
x∗ +
∑
k∈N y
∗
k, for which ‖x
∗‖X < 1.
Proof. Throughout the proof, we write simply ‖ · ‖ instead of ‖ · ‖Σ, ‖ · ‖X and
‖ · ‖X⊕Yk (this is allowed by Proposition 2.4). We note that all the considered
spaces are reflexive (by the well-known fact that a space is reflexive if its dual is
Fre´chet smooth [9, Theorem 8.6]).
Let z∗ ∈ Λ(X ⊕ Yk) ∩ S(Σ(X⊕Yk))∗ be expressed by
(6) z∗ = x∗ +
∑
k∈N
αky
∗
k
where x∗ ∈ X∗, y∗k ∈ Y
∗
k , ‖x
∗ + y∗k‖ ≤ 1, 0 ≤ αk ≤ 1,
∑
k∈N α
2
k ≤ 1. Let moreover
(7) ‖x∗‖ < 1.
Let us show first that
(8)
∑
k∈N
α2k = 1,
(9) ‖x∗ + y∗k‖ = 1 when αk > 0.
For every t ∈ [0, 1], we have
(10) ‖x∗ + ty∗k‖ ≤ 1− (1− ‖x
∗‖)(1− t)
(because t 7→ ‖x∗ + ty∗k‖ is convex, t 7→ 1 − (1 − ‖x
∗‖)(1 − t) is affine and the
inequality is satisfied for t = 0 and t = 1). Assume that (8) is not satisfied. For
some 0 < t < 1, we have ∑
k∈N
(αk
t
)2
≤ 1.
By (10) and Lemma 3.3,
1 = ‖z∗‖ =
∥∥∥x∗ +∑
k∈N
αk
t
(ty∗k)
∥∥∥ ≤ sup
k∈N
‖x∗ + ty∗k‖ ≤ 1− (1− ‖x
∗‖)(1− t),
which is not possible. So, (8) is proved.
Assume that (9) is not satisfied. It is sufficient to find another expression of z∗
witnessing that z∗ ∈ Λ(X ⊕ Yk) for which the analogue of (8) is not satisfied. For
some j with αj > 0, we have ‖x∗ + y∗j ‖ < 1. For some 0 < α
′
j < αj , we have∥∥∥x∗ + αj
α′j
y∗j
∥∥∥ ≤ 1.
We have
z∗ = x∗ + α′j
(αj
α′j
y∗j
)
+
∑
k 6=j
αky
∗
k
but
(α′j)
2 +
∑
k 6=j
α2k < 1.
So, (9) is proved.
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We assume that the duals of X ⊕ Yk are Fre´chet smooth. By (9), there is, for
every k with αk > 0, a point xk + yk ∈ SX⊕Yk such that
(11) ‖x∗ + y∗k + h
∗‖ = 1 + h∗(xk + yk) + o(‖h
∗‖), h∗ ∈ X∗ ⊕ Y ∗k .
We have
(12) y∗k(yk) ≥ 1− ‖x
∗‖ when αk > 0,
as y∗k(yk) = (x
∗ + y∗k)(xk + yk)− x
∗(xk) ≥ 1− ‖x∗‖‖xk‖ ≥ 1− ‖x∗‖.
We define
(13) z =
[ ∑
αk>0
α2k
y∗k(yk)
]−1[ ∑
αk>0
α2k
y∗k(yk)
(
xk +
1
αk
yk
)]
.
The formula defines an element of Σ(X⊕Yk) indeed, due to (12) and the observation
that ‖yk‖Yk = ‖yk‖ ≤ ‖xk + yk‖+ ‖ − xk‖ ≤ 2.
We claim that z is the Fre´chet differential of the dual norm at z∗. For an ε > 0,
we find a δ > 0 such that
(∗) ‖△z∗‖ ≤ δ ⇒ ‖z∗ +△z∗‖ ≤ 1 +△z∗(z) + 12ε‖△z∗‖.
So, let ε > 0 be fixed. We will assume that ε ≤ 1. We choose a large enough C > 0,
small enough δ00 > 0, δ0 > 0 and δ > 0 and a finite S ⊂ N so that
C
4
(1− ‖x∗‖) ≥ 3 + ‖z‖,(14)
δ ≤ δ0 ≤ δ00 ≤ 1,(15)
(10C2 + 8C) · δ00 ≤ ε,(16) (∑
k/∈S
α2k
)1/2
≤ δ00,(17)
αk > 0 for k ∈ S,(18)
δ
1/3
0 ·
1
y∗k(yk)
∥∥∥xk + 1
αk
yk − z
∥∥∥ ≤ 1
2
for k ∈ S,(19)
δ
1/3
0 ≤ αk for k ∈ S,(20)
δ
1/3
0 ≤ ε,(21)
(22)

k ∈ S & h∗ ∈ X∗ ⊕ Y ∗k & ‖h
∗‖ ≤
15
δ
1/3
0
· δ ⇒
⇒ ‖x∗ + y∗k + h
∗‖ ≤ 1 + h∗(xk + yk) +
[ 15
δ
1/3
0
]−1
· ε‖h∗‖.
To prove (∗), choose
(23) △z∗ = △x∗ +
∑
k∈N
△y∗k, 0 < ‖△z
∗‖ ≤ δ,
where △x∗ ∈ X∗,△y∗k ∈ Y
∗
k . Note that
(24)
(∑
k∈N
‖△y∗k‖
2
)1/2
≤ 2‖△z∗‖.
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Indeed, we can apply Lemma 2.2(B) on △y∗k, k ∈ N, and on △z
∗ to obtain(∑
k∈N
‖△y∗k‖
2
)1/2
≤
(∑
k∈N
(2‖△y∗k‖Yk)
2
)1/2
≤ 2‖△z∗‖.
We define
(25)
 △αk =
αk
y∗k(yk)
△z∗
(
xk +
1
αk
yk − z
)
when αk > 0,
△αk = 0 when αk = 0.
It is easy to obtain from the definition of △αk that
(26) △x∗(xk)−
△αk
αk
y∗k(yk) +
1
αk
△y∗k(yk) = △z
∗(z) when αk > 0.
We have
(27)
∑
k∈N
αk△αk = 0,
as∑
k∈N
αk△αk =
∑
αk>0
α2k
y∗k(yk)
△z∗
(
xk +
1
αk
yk − z
)
=
∑
αk>0
α2k
y∗k(yk)
△z∗
(
xk +
1
αk
yk
)
−
∑
αk>0
α2k
y∗k(yk)
△z∗(z)
=
∑
αk>0
α2k
y∗k(yk)
△z∗
(
xk +
1
αk
yk
)
−△z∗
( ∑
αk>0
α2k
y∗k(yk)
(
xk +
1
αk
yk
))
= 0,
and
(28)
(∑
k∈N
△α2k
)1/2
≤ C‖△z∗‖,
as (by (12), (14) and (24))
(1− ‖x∗‖)
(∑
k∈N
△α2k
)1/2
≤
[ ∑
αk>0
(
αk△z
∗
(
xk +
1
αk
yk − z
))2]1/2
≤
[ ∑
αk>0
(
αk△z
∗(xk − z)
)2]1/2
+
[ ∑
αk>0
(
△y∗k(yk)
)2]1/2
≤
[ ∑
αk>0
(
αk‖△z
∗‖(‖xk‖+ ‖z‖)
)2]1/2
+
[ ∑
αk>0
(
‖△y∗k‖‖xk + yk‖
)2]1/2
≤ ‖△z∗‖(1 + ‖z‖)
(∑
k∈N
α2k
)1/2
+
(∑
k∈N
‖△y∗k‖
2
)1/2
≤ (3 + ‖z‖)‖△z∗‖
≤
C
4
(1− ‖x∗‖)‖△z∗‖.
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Also,
(29) |△αk| ≤
1
2
·
αk‖△z
∗‖
δ
1/3
0
and △α2k ≤
1
4
α2k · ε‖△z
∗‖ for k ∈ S,
since (by (19) and (21))
δ
1/3
0 |△αk| ≤ δ
1/3
0 ·
αk
y∗k(yk)
‖△z∗‖
∥∥∥xk + 1
αk
yk − z
∥∥∥ ≤ 1
2
αk‖△z
∗‖,
△α2k ≤
1
4
·
α2k‖△z
∗‖2
δ
2/3
0
≤
1
4
α2k · δ
1/3
0 ‖△z
∗‖ ≤
1
4
α2k · ε‖△z
∗‖.
We further define
(30)
{
βk = αk +△αk when k ∈ S,
βk = αk + Cαk‖△z
∗‖+ C‖△y∗k‖ when k /∈ S.
Let us realize that
(31) βk ≥ αk/2, k ∈ N.
This is clear when k /∈ S. For k ∈ S, we use (29) and write
αk − βk = −△αk ≤
1
2
·
αk‖△z∗‖
δ
1/3
0
≤
1
2
·
αkδ0
δ
1/3
0
≤
1
2
αk.
It follows from the computations (we use (8) and (27))
∑
k∈N
β2k =
∑
k∈N
β2k − 2
∑
k∈N
αk△αk
=
∑
k∈S
(αk +△αk)
2 − 2
∑
k∈N
αk△αk +
∑
k/∈S
(
αk + Cαk‖△z
∗‖+ C‖△y∗k‖
)2
=
∑
k∈S
α2k + 2
∑
k∈S
αk△αk +
∑
k∈S
△α2k − 2
∑
k∈N
αk△αk
+
∑
k/∈S
α2k +
∑
k/∈S
((
αk + Cαk‖△z
∗‖+ C‖△y∗k‖
)2
− α2k
)
= 1− 2
∑
k/∈S
αk△αk +
∑
k∈S
△α2k +
∑
k/∈S
(
C2α2k‖△z
∗‖2 + C2‖△y∗k‖
2
+2Cα2k‖△z
∗‖+ 2Cαk‖△y
∗
k‖(1 + C‖△z
∗‖)
)
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and (we use (17), (24) and (28))
∣∣∣[∑
k∈N
β2k
]1/2
− 1
∣∣∣ ≤ ∣∣∣[∑
k∈N
β2k
]
− 1
∣∣∣
≤ 2
(∑
k/∈S
α2k
)1/2(∑
k/∈S
△α2k
)1/2
+
∑
k∈S
△α2k + C
2‖△z∗‖2
(∑
k/∈S
α2k
)
+C2
(∑
k/∈S
‖△y∗k‖
2
)
+ 2C‖△z∗‖
(∑
k/∈S
α2k
)
+2C(1 + C‖△z∗‖)
(∑
k/∈S
α2k
)1/2(∑
k/∈S
‖△y∗k‖
2
)1/2
≤ 2δ00 · C‖△z
∗‖+ (C‖△z∗‖)2 + C2‖△z∗‖2 · δ200
+C2 · 4‖△z∗‖2 + 2C‖△z∗‖ · δ200
+2C(1 + C‖△z∗‖) · δ00 · 2‖△z
∗‖
≤
[
2C + C2 + C2 + 4C2 + 2C + 4C(1 + C)
]
· δ00 · ‖△z
∗‖
that (we use (16))
(32)
∣∣∣[∑
k∈N
β2k
]1/2
− 1
∣∣∣ ≤ ε‖△z∗‖.
In some situations, we apply this in the weakened form
(33)
[∑
k∈N
β2k
]1/2
≤ 2.
To finish the proof of the lemma, we need the following claim.
Claim 3.5. For each k ∈ N with βk > 0, we have
∥∥∥x∗ +△x∗ + [∑
j∈N
β2j
]1/2(αk
βk
y∗k +
1
βk
△y∗k
)∥∥∥ ≤ 1 +△z∗(z) + 12ε‖△z∗‖.
Proof. We consider two cases k ∈ S and k /∈ S.
I. Let k ∈ S. Let us show first that
(34)
∣∣∣[∑
j∈N
β2j
]1/2αk
βk
− 1 +
△αk
αk
∣∣∣ ≤ 5
2
ε‖△z∗‖,
(35)
∣∣∣[∑
j∈N
β2j
]1/2αk
βk
− 1
∣∣∣ ≤ 3
δ
1/3
0
‖△z∗‖.
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We verify (34) by the computation (using (29), (30), (31) and (32))∣∣∣[∑
j∈N
β2j
]1/2αk
βk
− 1 +
△αk
αk
∣∣∣ ≤ αk
βk
∣∣∣[∑
j∈N
β2j
]1/2
− 1
∣∣∣+ ∣∣∣αk
βk
− 1 +
△αk
αk
∣∣∣
≤
αk
βk
ε‖△z∗‖+
∣∣∣ αk
αk +△αk
− 1 +
△αk
αk
∣∣∣
=
αk
βk
ε‖△z∗‖+
∣∣∣− △αk
αk +△αk
+
△αk
αk
∣∣∣
=
αk
βk
ε‖△z∗‖+
△α2k
αkβk
≤ 2ε‖△z∗‖+ 2 ·
△α2k
α2k
≤ 2ε‖△z∗‖+ 2 ·
1
4
ε‖△z∗‖
and (35) by the computation (using (29))∣∣∣[∑
j∈N
β2j
]1/2αk
βk
− 1
∣∣∣ ≤ ∣∣∣[∑
j∈N
β2j
]1/2αk
βk
− 1 +
△αk
αk
∣∣∣+ ∣∣∣− △αk
αk
∣∣∣
≤
5
2
· ε‖△z∗‖+
1
2
·
‖△z∗‖
δ
1/3
0
≤
5
2
·
‖△z∗‖
δ
1/3
0
+
1
2
·
‖△z∗‖
δ
1/3
0
.
Further,
(36)
∥∥∥△x∗ + [∑
j∈N
β2j
]1/2(αk
βk
y∗k +
1
βk
△y∗k
)
− y∗k
∥∥∥ ≤ 15
δ
1/3
0
‖△z∗‖,
as (by (20), (24), (31), (33), (35) and ‖y∗k‖ ≤ ‖x
∗ + y∗k‖+ ‖ − x
∗‖ ≤ 2)∥∥∥△x∗+[∑
j∈N
β2j
]1/2(αk
βk
y∗k +
1
βk
△y∗k
)
− y∗k
∥∥∥
≤ ‖△x∗‖+
∣∣∣[∑
j∈N
β2j
]1/2αk
βk
− 1
∣∣∣‖y∗k‖+ [∑
j∈N
β2j
]1/2 1
βk
‖△y∗k‖
≤ ‖△z∗‖+
3
δ
1/3
0
‖△z∗‖ · 2 + 2 ·
2
αk
· 2‖△z∗‖
≤
1
δ
1/3
0
‖△z∗‖+
3
δ
1/3
0
‖△z∗‖ · 2 +
8
δ
1/3
0
‖△z∗‖.
It follows from (22) and (36) that∥∥∥x∗ +△x∗ + [∑
j∈N
β2j
]1/2(αk
βk
y∗k +
1
βk
△y∗k
)∥∥∥
≤ 1 +△x∗(xk) +
[[∑
j∈N
β2j
]1/2(αk
βk
y∗k +
1
βk
△y∗k
)
− y∗k
]
(yk) + ε‖△z
∗‖.
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Hence, we can compute (using (20), (21), (24), (26), (34), (35) and ‖y∗k‖ ≤ ‖x
∗ +
y∗k‖+ ‖ − x
∗‖ ≤ 2)∥∥∥x∗ +△x∗ + [∑
j∈N
β2j
]1/2(αk
βk
y∗k +
1
βk
△y∗k
)∥∥∥
≤ 1 +△x∗(xk)−
△αk
αk
y∗k(yk) +
1
αk
△y∗k(yk) + ε‖△z
∗‖
+
([∑
j∈N
β2j
]1/2αk
βk
− 1 +
△αk
αk
)
y∗k(yk) +
1
αk
([∑
j∈N
β2j
]1/2αk
βk
− 1
)
△y∗k(yk)
≤ 1 +△z∗(z) + ε‖△z∗‖
+
5
2
ε‖△z∗‖‖y∗k‖‖xk + yk‖+
1
αk
·
3
δ
1/3
0
‖△z∗‖‖△y∗k‖‖xk + yk‖
≤ 1 +△z∗(z) + ε‖△z∗‖+
5
2
ε‖△z∗‖ · 2 +
1
αk
·
3
δ
1/3
0
‖△z∗‖ · 2‖△z∗‖
≤ 1 +△z∗(z) + 6ε‖△z∗‖+
6
αk
· δ
1/3
0 · δ
1/3
0 · ‖△z
∗‖
≤ 1 +△z∗(z) + 6ε‖△z∗‖+
6
αk
· αk · ε · ‖△z
∗‖
= 1 +△z∗(z) + 12ε‖△z∗‖,
and the desired inequality is proved.
II. Let k /∈ S. Let us show first that
(37)

∥∥∥x∗ +△x∗ + [∑
j∈N
β2j
]1/2(αk
βk
y∗k +
1
βk
△y∗k
)∥∥∥
≤ 1− (1 − ‖x∗‖)
(
1−
αk(1 + (C/2)‖△z∗‖)
βk
)
+ ‖△z∗‖+
2
βk
‖△y∗k‖.
By (30) and (32), we have[∑
j∈N
β2j
]1/2αk
βk
≤
αk(1 + ε‖△z∗‖)
βk
=
αk(1 + ε‖△z∗‖)
αk + Cαk‖△z∗‖+ C‖△y∗k‖
≤ 1,
and thus we can compute (using (10))∥∥∥x∗ + [∑
j∈N
β2j
]1/2αk
βk
y∗k
∥∥∥ ≤ 1− (1 − ‖x∗‖)(1− [∑
j∈N
β2j
]1/2αk
βk
)
≤ 1− (1 − ‖x∗‖)
(
1−
αk(1 + ε‖△z∗‖)
βk
)
≤ 1− (1 − ‖x∗‖)
(
1−
αk(1 + (C/2)‖△z∗‖)
βk
)
.
Now, to prove (37), it is sufficient to use the triangle inequality and (33).
Further, it is clear that
C‖△z∗‖ ≤ 1,
as C‖△z∗‖ ≤ Cδ00 ≤ ε ≤ 1, and
βk‖△z
∗‖ ≤ 2αk‖△z
∗‖+ ‖△y∗k‖,
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as βk‖△z∗‖ = αk‖△z∗‖+(C‖△z∗‖)(αk‖△z∗‖+ ‖△y∗k‖) ≤ αk‖△z
∗‖+αk‖△z∗‖+
‖△y∗k‖. Hence, we can compute (using (14))
βk(1 + ‖z‖)‖△z
∗‖+ 2‖△y∗k‖ ≤ (1 + ‖z‖)(2αk‖△z
∗‖+ ‖△y∗k‖) + 2‖△y
∗
k‖
= (1 + ‖z‖) · 2αk‖△z
∗‖+ (3 + ‖z‖)‖△y∗k‖
≤ (1− ‖x∗‖)[(C/2)αk‖△z
∗‖+ C‖△y∗k‖]
= (1− ‖x∗‖)[βk − αk(1 + (C/2)‖△z
∗‖)]
and obtain
(38) (1 + ‖z‖)‖△z∗‖+
2
βk
‖△y∗k‖ ≤ (1− ‖x
∗‖)
(
1−
αk(1 + (C/2)‖△z∗‖)
βk
)
.
Finally, combining (37) and (38), we write∥∥∥x∗ +△x∗ + [∑
j∈N
β2j
]1/2(αk
βk
y∗k +
1
βk
△y∗k
)∥∥∥
≤ 1− (1− ‖x∗‖)
(
1−
αk(1 + (C/2)‖△z∗‖)
βk
)
+ ‖△z∗‖+
2
βk
‖△y∗k‖
≤ 1− ‖z‖‖△z∗‖
≤ 1 +△z∗(z) + 12ε‖△z∗‖.
The claim is proved. 
We are going to finish the proof of Lemma 3.4. We put
γk =
[∑
j∈N
β2j
]−1/2
βk, k ∈ N.
By (18), (30) and (31), the series of implications
γk = 0 ⇒ βk = 0 ⇒ αk = 0 ⇒ k /∈ S
and
γk = 0 ⇒ 0 = βk = αk + Cαk‖△z
∗‖+ C‖△y∗k‖ ⇒ △y
∗
k = 0
hold. Consequently,
γk = 0 ⇒ αky
∗
k +△y
∗
k = 0.
Therefore, using Lemma 3.3 and Claim 3.5, we can compute
‖z∗ +△z∗‖ =
∥∥∥x∗ +∑
k∈N
αky
∗
k +△x
∗ +
∑
k∈N
△y∗k
∥∥∥
=
∥∥∥x∗ +△x∗ + ∑
γk>0
γk
(αk
γk
y∗k +
1
γk
△y∗k
)∥∥∥
≤ sup
γk>0
∥∥∥x∗ +△x∗ + (αk
γk
y∗k +
1
γk
△y∗k
)∥∥∥
= sup
βk>0
∥∥∥x∗ +△x∗ + [∑
j∈N
β2j
]1/2(αk
βk
y∗k +
1
βk
△y∗k
)∥∥∥
≤ 1 +△z∗(z) + 12ε‖△z∗‖,
and (∗) is proved. 
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Proposition 3.6. Let the dual of X ⊕ Yk be Fre´chet smooth for every k ∈ N. If,
moreover, there is a constant c > 0 such that
‖x+ yk‖X⊕Yk ≥ ‖x‖X + c‖yk‖Yk , k ∈ N, x ∈ X, yk ∈ Yk,
then the dual of Σ(X ⊕ Yk) is Fre´chet smooth.
Proof. In the same way as in the proof of Lemma 3.4, we write ‖ · ‖ instead of
‖ · ‖Σ, ‖ · ‖X and ‖ · ‖X⊕Yk . We note again that all the considered spaces are
reflexive.
By Lemma 2.5 and Lemma 3.1, it is sufficient to show that the dual norm is
Fre´chet differentiable at every z∗ ∈ Λ(X ⊕ Yk) ∩ S(Σ(X⊕Yk))∗ . By Lemma 3.4, it
remains to show that the dual norm is Fre´chet differentiable at every z∗ ∈ Λ(X ⊕
Yk) ∩ S(Σ(X⊕Yk))∗ , z
∗ = x∗ +
∑
k∈N y
∗
k, for which ‖x
∗‖ = 1. By Lemma 3.2, it is
sufficient to show that the partial Fre´chet differential ∂/∂(
∑
k∈N y
∗
k) of the dual
norm equals to 0 at these functionals.
So, let z∗ ∈ Λ(X ⊕ Yk) ∩ S(Σ(X⊕Yk))∗ be expressed by
(39) z∗ = x∗ +
∑
k∈N
αky
∗
k
where x∗ ∈ X∗, y∗k ∈ Y
∗
k , ‖x
∗ + y∗k‖ ≤ 1, 0 ≤ αk ≤ 1,
∑
k∈N α
2
k ≤ 1. Let moreover
(40) ‖x∗‖ = 1.
We may assume that αk > 0 for some k ∈ N (in the other case, we have z∗ = x∗,
and thus z∗ = x∗ + 1 · 0 +
∑
k≥2 0 · 0 is another expression of z
∗ witnessing that
z∗ ∈ Λ(X ⊕ Yk)). Without loss of generality, let
(41) α1 > 0.
Let x be the partial Fre´chet differential ∂/∂x∗ of the dual norm of ‖ · ‖X⊕Y1 at x
∗.
We have (x∗ + y∗1)(x) = x
∗(x) = ‖x∗‖ = 1 = ‖x∗ + y∗1‖, and thus x is also the
Fre´chet differential of the dual norm of ‖ · ‖X⊕Y1 at x
∗ + y∗1 . In particular,
(42) ‖x∗ + y∗1 + h
∗‖ = 1+ o(‖h∗‖), h∗ ∈ Y ∗1 .
We have to prove that the partial Fre´chet differential ∂/∂(
∑
k∈N y
∗
k) of the dual
norm equals to 0 at z∗. For an ε > 0, we find a δ > 0 such that
(∗∗) ‖△z∗‖ ≤ δ, △z∗ =
∑
k∈N
△y∗k ⇒ ‖z
∗ +△z∗‖ ≤ 1 + ε‖△z∗‖.
So, let ε > 0 be fixed. Choose δ > 0 so that
(43) δ ≤
3
32
c2α21,
(44) h∗ ∈ Y ∗1 & ‖h
∗‖ ≤
76
3c2α21
· δ ⇒ ‖x∗ + y∗1 + h
∗‖ ≤ 1 +
[ 76
3c2α21
]−1
· ε‖h∗‖.
To prove (∗∗), choose
(45) △z∗ =
∑
k∈N
△y∗k, ‖△z
∗‖ ≤ δ,
where △y∗k ∈ Y
∗
k , k ∈ N. It can be shown that
(46)
(∑
k∈N
‖△y∗k‖
2
)1/2
≤ 2‖△z∗‖
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in the same way as (24) in the proof of Lemma 3.4.
Let us realize that, for each k ∈ N,
(47) a∗ ∈ Y ∗k & ‖a
∗‖ ≤ c ⇒ ‖x∗ + a∗‖ = 1.
Indeed, by the property of c,
(x∗+a∗)(x+yk) = x
∗(x)+a∗(yk) ≤ ‖x
∗‖‖x‖+‖a∗‖‖yk‖ ≤ ‖x‖+ c‖yk‖ ≤ ‖x+yk‖
for x ∈ X and yk ∈ Yk. It follows that
(48)
∥∥∥x∗ + 1
αk +
‖△y∗
k
‖
c
(
αky
∗
k +△y
∗
k
)∥∥∥ ≤ 1 when αk + ‖△y∗k‖
c
> 0.
Indeed, we can compute (using (47) and assuming △y∗k 6= 0)∥∥∥x∗+ 1
αk +
‖△y∗
k
‖
c
(
αky
∗
k +△y
∗
k
)∥∥∥
=
∥∥∥ αk
αk +
‖△y∗
k
‖
c
(
x∗ + y∗k
)
+
‖△y∗k‖
c
αk +
‖△y∗
k
‖
c
(
x∗ +
c
‖△y∗k‖
△y∗k
)∥∥∥
≤
αk
αk +
‖△y∗
k
‖
c
‖x∗ + y∗k‖+
‖△y∗k‖
c
αk +
‖△y∗
k
‖
c
∥∥∥x∗ + c
‖△y∗k‖
△y∗k
∥∥∥
≤
αk
αk +
‖△y∗
k
‖
c
+
‖△y∗k‖
c
αk +
‖△y∗
k
‖
c
.
Let us define
(49)

βk = αk +
‖△y∗k‖
c
when k ≥ 2,
β1 =
(∑
k∈N
α2k −
∑
k≥2
β2k
)1/2
.
We show that β1 is well-defined in two steps. We prove first that
(50)
∣∣∣α21 − (∑
k∈N
α2k −
∑
k≥2
β2k
)∣∣∣ ≤ 8
c2
‖△z∗‖.
This follows from the computation (we use (46) and (49))∣∣∣α21 − (∑
k∈N
α2k −
∑
k≥2
β2k
)∣∣∣ = ∣∣∣−∑
k≥2
α2k +
∑
k≥2
(
αk +
‖△y∗k‖
c
)2∣∣∣
=
∑
k≥2
2αk ·
‖△y∗k‖
c
+
∑
k≥2
(‖△y∗k‖
c
)2
≤
2
c
(∑
k≥2
α2k
)1/2(∑
k≥2
‖△y∗k‖
2
)1/2
+
1
c2
∑
k≥2
‖△y∗k‖
2
≤
2
c
· 1 · 2‖△z∗‖+
1
c2
(2‖△z∗‖)2.
We obtain
(51)
∑
k∈N
α2k −
∑
k≥2
β2k ≥
1
4
α21,
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since (by (43) and (50))
α21 −
(∑
k∈N
α2k −
∑
k≥2
β2k
)
≤
8
c2
‖△z∗‖ ≤
8
c2
δ ≤
8
c2
·
3
32
c2α21 =
3
4
α21.
It follows now from (51) that β1 is well-defined and
(52) β1 ≥ α1/2.
Moreover,
(53)
∣∣∣α1
β1
− 1
∣∣∣ ≤ 32
3c2α21
‖△z∗‖,
as we can compute (using (50) and (52))∣∣∣α1
β1
−1
∣∣∣ = 1
β1(α1 + β1)
·|α21−β
2
1 | ≤
1
(α1/2)(α1 + (α1/2))
·
8
c2
‖△z∗‖ =
32
3c2α21
‖△z∗‖.
Consequently,
(54)
∥∥∥− y∗1 + 1β1
(
α1y
∗
1 +△y
∗
1
)∥∥∥ ≤ 76
3c2α21
‖△z∗‖,
as we can compute (using (46), (52), (53) and ‖y∗1‖ ≤ ‖x
∗ + y∗1‖+ ‖ − x
∗‖ ≤ 2)∥∥∥− y∗1 + 1β1
(
α1y
∗
1 +△y
∗
1
)∥∥∥ ≤ ∣∣∣α1
β1
− 1
∣∣∣‖y∗1‖+ 1β1 ‖△y∗1‖
≤
32
3c2α21
‖△z∗‖ · 2 +
2
α1
· 2‖△z∗‖.
Finally, it follows from (44) and (54) that
(55)
∥∥∥x∗ + 1
β1
(
α1y
∗
1 +△y
∗
1
)∥∥∥ ≤ 1 + ε‖△z∗‖.
Now, using (48), (49), (55) and Lemma 3.3, we obtain
‖z∗ +△z∗‖ =
∥∥∥x∗ +∑
k∈N
αky
∗
k +
∑
k∈N
△y∗k
∥∥∥
=
∥∥∥x∗ + ∑
βk>0
βk
1
βk
(
αky
∗
k +△y
∗
k
)∥∥∥
≤ sup
βk>0
∥∥∥x∗ + 1
βk
(
αky
∗
k +△y
∗
k
)∥∥∥
≤ max
{
1,
∥∥∥x∗ + 1
β1
(
α1y
∗
1 +△y
∗
1
)∥∥∥}
≤ 1 + ε‖△z∗‖,
and (∗∗) is proved. 
4. Construction of branches
In this section, we construct the subspace of our tree space supported by one
branch. The construction provides an improved version of [13, Proposition 2.2].
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Proposition 4.1. Let (X, ‖·‖X) be a Banach space with a monotone basis {e1, e2, . . . }
and its dual basis {e∗1, e
∗
2, . . . }. Then there is a Banach space (F, ‖ ·‖) with a mono-
tone basis {f1, f2, . . . } and its dual basis {f∗1 , f
∗
2 , . . . } such that:
(1) If (Pn)
∞
n=1 denotes the sequence of partial sum operators associated with the
basis {f1, f2, . . . }, then
‖f‖ ≥ ‖Pnf‖+ 4
−n−1‖f − Pnf‖, f ∈ F, n ∈ N.
(2) The norm of F is strictly convex on the linear span of the basis vectors.
(3) F contains an 1-complemented isometric copy of X.
(4) span{f∗1 , f
∗
2 , . . . } contains an 1-complemented isometric copy of span{e
∗
1, e
∗
2, . . . }.
The construction is provided in several steps. We introduce some notation first.
Without loss of generality, we assume that
‖ei‖X = 1, i = 1, 2, . . . .
By (Qn)
∞
n=1 we denote the sequence of partial sum operators associated with the
basis {e1, e2, . . . }. By {f1, f2, . . . } we denote the canonical basis of c00(N), by
{f∗1 , f
∗
2 , . . . } its dual basis and by (Pn)
∞
n=1 the sequence of associated partial sum
operators.
We work with the ordered set D from [13]. Recall that D is the set of all pairs
(n, k) of natural numbers with 1 ≤ k ≤ n ordered lexicographically, i.e.,
(n, k) ≤ (m, l) ⇔ n < m or (n = m and k ≤ l).
Notice that (D,≤) is a copy of (N,≤). We make no difference between c00(D) and
c00(N), including their canonical bases and partial sum operators.
We define an operator T : c00(D)→ X by
T
( ∑
(n,k)∈D
µnkfnk
)
=
∑
(n,k)∈D
2k−nµnkek
and, for every (N,K) ∈ D, an operator UNK : X → c00(D) by
UNK
( ∞∑
k=1
λkek
)
=
3
4
∑
(n,k)≤(N,K)
2k−nλkfnk.
Further, we consider the norm | · | on c00(N) defined by
|f | =
∑
k∈N
|µk|+
(∑
k∈N
µ2k
)1/2
for f =
∑
k∈N
µkfk ∈ c00(N).
Claim 4.2. Let
x =
∞∑
k=1
λkek ∈ X.
If α1 ≥ α2 ≥ · · · ≥ αn ≥ 0, then∥∥∥ n∑
k=1
αkλkek
∥∥∥
X
≤ α1‖x‖X .
Proof. Set αn+1 = 0 and apply the triangle inequality on
n∑
k=1
αkλkek =
n∑
k=1
(αk − αk+1)Qkx.

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Claim 4.3. (i) If x ∈ X, then ‖TUNKx‖X ≤ (1− 4−N)‖x‖X , (N,K) ∈ D.
(ii) If x ∈ span{e1, e2, . . . }, then TUNKx→ x as (N,K)→∞.
(iii) If x ∈ span{e1, e2, . . . } and ‖ · ‖ is a norm on c00(D) for which sup ‖fnk‖ <
∞, then (UNKx)(N,K)∈D is a Cauchy sequence with respect to ‖ · ‖.
(iv) If x∗ ∈ span{e∗1, e
∗
2, . . . } and ‖ ·‖ is a norm on c00(D) for which sup ‖f
∗
nk‖ <
∞, then x∗◦T is continuous with respect to ‖·‖ and belongs to span{f∗11, f
∗
21, f
∗
22, . . . }.
(v) If f∗ ∈ span{f∗11, f
∗
21, f
∗
22, . . . }, then x 7→ lim(N,K)→∞ f
∗(UNKx) defines a
functional which is continuous with respect to ‖·‖X and belongs to span{e∗1, e
∗
2, . . . }.
Proof. Let
x =
∞∑
k=1
λkek ∈ X
be fixed throughout the proof of (i)–(iii). We write
UNKx =
∑
(n,k)≤(N,K)
µnkfnk where µnk =
3
4
· 2k−nλk.
We compute
TUNKx =
∑
(n,k)≤(N,K)
2k−nµnkek =
3
4
∑
(n,k)≤(N,K)
2k−n · 2k−nλkek
=
K∑
k=1
3
4
( N∑
n=k
2k−n · 2k−n
)
λkek +
N∑
k=K+1
3
4
(N−1∑
n=k
2k−n · 2k−n
)
λkek
=
K∑
k=1
3
4
(N−k∑
l=0
4−l
)
λkek +
N∑
k=K+1
3
4
(N−k−1∑
l=0
4−l
)
λkek
=
K∑
k=1
(1− 4k−N−1)λkek +
N∑
k=K+1
(1 − 4k−N )λkek.
We obtain from Claim 4.2 that
‖TUNKx‖X ≤ (1− 4
−N)‖x‖X ,
which gives (i).
Now, if x ∈ span{e1, e2, . . . }, then there is m ∈ N such that λk = 0 for k > m.
Therefore, if N ≥ m, then (by the above computation of TUNKx)
TUNKx =
m∑
k=1
(1− 4k−N−1≤(k,K))λkek.
(where 1≤(k,K) = 1 when k ≤ K and 1≤(k,K) = 0 when k > K). It is clear now
that
TUNKx→
m∑
k=1
λkek = x,
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which gives (ii). Further, let ‖ · ‖ be a norm such that C = sup ‖fnk‖ < ∞. If
(N,K) ≤ (M,L) are two elements of D, then
‖UMLx− UNKx‖ =
∥∥∥ ∑
(N,K)<(n,k)≤(M,L)
µnkfnk
∥∥∥
=
∥∥∥ ∑
(N,K)<(n,k)≤(M,L)
3
4
· 2k−nλkfnk
∥∥∥
≤
3
4
C
m∑
k=1
|λk|
∞∑
n=N
2k−n,
which gives (iii).
To prove (iv), it is sufficient to show that, for k ∈ N,
e∗k ◦ T =
∞∑
n=k
2k−nf∗nk.
For
∑
(n,l)∈D µnlfnl ∈ c00(D), we write
(e∗k ◦ T )
( ∑
(n,l)∈D
µnlfnl
)
= e∗k
( ∑
(n,l)∈D
2l−nµnlel
)
=
∞∑
n=k
2k−nµnk
=
( ∞∑
n=k
2k−nf∗nk
)( ∑
(n,l)∈D
µnlfnl
)
.
To prove (v), it is sufficient to show that, for (n, k) ∈ D,
lim
(N,K)→∞
f∗nk(UNKx) =
3
4
· 2k−ne∗k(x), x ∈ X.
Let x =
∑∞
k=1 λkek ∈ X . When (N,K) ≥ (n, k), then we can write
f∗nk(UNKx) = f
∗
nk
(3
4
∑
(m,l)≤(N,K)
2l−mλlfml
)
=
3
4
· 2k−nλk =
3
4
· 2k−ne∗k(x).

Claim 4.4. There is a norm ‖ · ‖0 on c00(D) such that
(a) {f11, f21, f22, . . . } is a monotone basis with respect to ‖ · ‖0,
(b) ‖fnk‖0 ≤ 4/3 and ‖f
∗
nk‖0 ≤ 3/2 for (n, k) ∈ D,
(c) ‖UNKx‖0 ≤ ‖x‖X , x ∈ X, (N,K) ∈ D,
(d) ‖TPnkf‖X ≤ (1 − 4−n)‖f‖0, f ∈ c00(D), (n, k) ∈ D.
Proof. We define
‖f‖0 = max
{2
3
sup
(n,k)∈D
|f∗nk(f)|, sup
(n,k)∈D
1
1− 4−n
‖TPnkf‖X
}
, f ∈ c00(D).
We omit the easy proof of the properties (a) and (d) and of the inequality ‖f∗nk‖0 ≤
3/2 in (b). To show the inequality ‖fnk‖0 ≤ 4/3, we need to show that
1
1− 4−m
‖TPmlfnk‖X ≤
4
3
, (m, l) ∈ D.
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If (m, l) < (n, k), then Pmlfnk = 0, and the inequality is clear. If (m, l) ≥ (n, k),
then Pmlfnk = fnk, and we can compute
1
1− 4−m
‖TPmlfnk‖X ≤
4
3
‖TPmlfnk‖X =
4
3
‖Tfnk‖X =
4
3
‖2k−nek‖X ≤
4
3
.
Let us show (c). Let x =
∑∞
k=1 λkek ∈ X . To show that ‖UNKx‖0 ≤ ‖x‖X , we
need to check that, for (n, k) ∈ D,
2
3
|f∗nk(UNKx)| ≤ ‖x‖X and ‖TPnkUNKx‖X ≤ (1− 4
−n)‖x‖X .
We compute (considering Q0 = 0)
|λk| = ‖λkek‖X = ‖Qkx−Qk−1x‖X ≤ (‖Qk‖X + ‖Qk−1‖X)‖x‖X ≤ 2‖x‖X ,
and so
2
3
|f∗nk(UNKx)| ≤
2
3
·
3
4
· 2k−n|λk| ≤
1
2
|λk| ≤ ‖x‖X .
Further,
PnkUNKx = Pnk
(3
4
∑
(m,l)≤(N,K)
2l−mλlfml
)
=
3
4
∑
(m,l)≤min{(n,k),(N,K)}
2l−mλlfml
= Umin{(n,k),(N,K)}x,
and so, using Claim 4.3(i),
‖TPnkUNKx‖X = ‖TUmin{(n,k),(N,K)}x‖X
≤ (1 − 4−min{n,N})‖x‖X
≤ (1 − 4−n)‖x‖X .

Claim 4.5. We have |f | ≥ |Pnf |+ (1/2)|f − Pnf |, f ∈ c00(N), n ∈ N.
Proof. For f =
∑
k∈N µkfk ∈ c00(N), we compute
|f | ≥
n∑
k=1
|µk|+
( n∑
k=1
µ2k
)1/2
+
∞∑
k=n+1
|µk|
= |Pnf |+
∞∑
k=n+1
|µk|
= |Pnf |+
1
2
∞∑
k=n+1
|µk|+
1
2
∞∑
k=n+1
|µk|
≥ |Pnf |+
1
2
∞∑
k=n+1
|µk|+
1
2
( ∞∑
k=n+1
µ2k
)1/2
= |Pnf |+
1
2
|f − Pnf |.

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Claim 4.6. There are norms ‖ · ‖i, i = 0, 1, 2, . . . , on c00(N) such that ‖ · ‖0 ≥
‖ · ‖1 ≥ ‖ · ‖2 ≥ . . . and, for every i ∈ N ∪ {0},
(a) {f1, f2, . . . } is a monotone basis with respect to ‖ · ‖i,
(b) ‖fn‖i ≤ 4/3 and ‖f∗n‖i ≤ 2(1− 4
−i−1) for n ∈ N,
(c) ‖Unx‖i ≤ ‖x‖X , x ∈ X,n ∈ N,
(d) ‖TPnf‖X ≤ (1− 4−max{n,i+1})‖f‖i, f ∈ c00(N), n ∈ N,
(e) for every f ∈ c00(N) and every 1 ≤ n ≤ i, we have
‖f‖i ≥ ‖Pnf‖i + 4
−n−1‖f − Pnf‖i,
(f) if i ≥ 1, then, for an εi > 0 and di defined by
di =
1− 4−i
1− 4−i−1
,
we have ‖ · ‖i = di‖ · ‖i−1 + εi| · | on span{f1, f2, . . . , fi}.
Proof. We already have ‖ · ‖0 from Claim 4.4 (we just realize that, concerning (d),
if n ∈ N corresponds to (N,K) ∈ D, then clearly N ≤ n).
Assume that i ∈ N and that ‖ · ‖i−1 is constructed. Denote
Fi = span{f1, f2, . . . , fi}
and choose a small enough εi > 0 so that
εi|a| ≤ 4
−i−1‖a‖i−1, a ∈ Fi.
We put first
(56) ‖a‖i = di‖a‖i−1 + εi|a|, a ∈ Fi.
Let ‖ · ‖i be given by
(57) B(c00(N),‖·‖i) = co(B(c00(N),‖·‖i−1) ∪B(Fi,‖·‖i)).
We need to show that the norm ‖ · ‖i given by (56) satisfies ‖a‖i ≤ ‖a‖i−1, and so
that (57) preserves ‖ · ‖i where it has been already defined. We show that even
(58) ‖a‖i ≤ (1− 2 · 4
−i−1)‖a‖i−1, a ∈ Fi.
For a ∈ Fi, we write ‖a‖i = di‖a‖i−1+εi|a| ≤ (1−3 ·4
−i−1)‖a‖i−1+4
−i−1‖a‖i−1 =
(1− 2 · 4−i−1)‖a‖i−1.
We obtain from (56) and (57) that
(59) di‖f‖i−1 ≤ ‖f‖i ≤ ‖f‖i−1, f ∈ c00(N).
We now check that (a)–(f) are satisfied for ‖ · ‖i.
(a) We know that {f1, f2, . . . } is a monotone basis of (c00(N), ‖ · ‖i−1) and that
{f1, f2, . . . , fi} is a monotone basis of (Fi, ‖ · ‖i) (by (56)). This means that the
balls B(c00(N),‖·‖i−1) and B(Fi,‖·‖i) have the property that, if they contain f , then
they contain Pnf for every n ∈ N. The ball B(c00(N),‖·‖i) has the same property
(due to its definition (57)), and so {f1, f2, . . . } is a monotone basis of (c00(N), ‖·‖i).
(b) By (59), we have ‖fn‖i ≤ ‖fn‖i−1 ≤ 4/3 and ‖f∗n‖i ≤ d
−1
i ‖f
∗
n‖i−1 ≤ d
−1
i ·
2(1− 4−(i−1)−1) = 2(1− 4−i−1).
(c) By (59), we have ‖Unx‖i ≤ ‖Unx‖i−1 ≤ ‖x‖X .
(d) Let n ∈ N. Since f 7→ ‖TPnf‖X is a seminorm, it is sufficient (by (57)) to
check that
(60) ‖TPnf‖X ≤ (1− 4
−max{n,i+1})‖f‖i−1, f ∈ c00(N),
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(61) ‖TPna‖X ≤ (1− 4
−max{n,i+1})‖a‖i, a ∈ Fi.
The inequality (60) follows immediately from property (d) for ‖ · ‖i−1. To check
the inequality (61), we consider two cases. Assume first that n ≤ i. Using (59), we
write
‖TPna‖X ≤ (1− 4
−max{n,(i−1)+1})‖a‖i−1
≤ (1− 4−i)d−1i ‖a‖i
= (1− 4−i−1)‖a‖i
= (1− 4−max{n,i+1})‖a‖i,
and (61) is checked. We have shown in particular that
‖Ta‖X = ‖TPia‖X ≤ (1− 4
−(i+1))‖a‖i.
Assume now that n > i. We write
‖TPna‖X = ‖Ta‖X ≤ (1− 4
−(i+1))‖a‖i ≤ (1 − 4
−max{n,i+1})‖a‖i.
(e) Let 1 ≤ n ≤ i. Since f 7→ ‖Pnf‖i + 4−n−1‖f − Pnf‖i is a seminorm, it is
sufficient (by (57)) to check that
(62) ‖Pnf‖i + 4
−n−1‖f − Pnf‖i ≤ ‖f‖i−1, f ∈ c00(N),
(63) ‖Pna‖i + 4
−n−1‖a− Pna‖i ≤ ‖a‖i, a ∈ Fi.
If n < i, then we write (using (56), (59), Claim 4.5 and property (e) for ‖ · ‖i−1)
‖Pnf‖i + 4
−n−1‖f − Pnf‖i ≤ ‖Pnf‖i−1 + 4
−n−1‖f − Pnf‖i−1 ≤ ‖f‖i−1
and
‖a‖i = di‖a‖i−1 + εi|a|
≥ di
(
‖Pna‖i−1 + 4
−n−1‖a− Pna‖i−1
)
+ εi
(
|Pna|+ 4
−n−1|a− Pna|
)
= ‖Pna‖i + 4
−n−1‖a− Pna‖i.
If n = i, then we write (using (58) and (59))
‖Pif‖i + 4
−i−1‖f − Pif‖i ≤ (1− 2 · 4
−i−1)‖Pif‖i−1 + 4
−i−1(‖f‖i + ‖Pif‖i)
≤ (1− 2 · 4−i−1)‖f‖i−1 + 4
−i−1(‖f‖i−1 + ‖f‖i−1)
= ‖f‖i−1
and
‖Pia‖i + 4
−i−1‖a− Pia‖i = ‖a‖i + 4
−i−1‖0‖i = ‖a‖i.
(f) This follows immediately from (56). 
Claim 4.7. There is a norm ‖ · ‖ on c00(N) such that
(a) {f1, f2, . . . } is a monotone basis with respect to ‖ · ‖,
(b) ‖fn‖ ≤ 4/3 and ‖f∗n‖ ≤ 2 for n ∈ N,
(c) ‖Unx‖ ≤ ‖x‖X , x ∈ X,n ∈ N,
(d) ‖Tf‖X ≤ ‖f‖, f ∈ c00(N),
(e) for every f ∈ c00(N) and every n ∈ N, we have
‖f‖ ≥ ‖Pnf‖+ 4
−n−1‖f − Pnf‖,
(f) ‖ · ‖ is strictly convex on c00(N).
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Proof. We take the norms ‖ · ‖i, i = 0, 1, 2, . . . , from Claim 4.6 and define
‖f‖ = lim
i→∞
‖f‖i, f ∈ c00(N).
For this norm, (a)–(e) can be easily verified. Let us verify (f). It is sufficient to
show that, for a fixed n ∈ N, the norm is strictly convex on
Fn = span{f1, f2, . . . , fn}.
By property (f) from Claim 4.6, we have
‖ · ‖i = αi‖ · ‖n−1 + βi| · | on Fn, i ≥ n− 1,
where
αn−1 = 1, βn−1 = 0,
αi = diαi−1, βi = diβi−1 + εi, i ≥ n,
for a sequence εn, εn+1, . . . of positive numbers. We obtain that
(64) ‖ · ‖ = α‖ · ‖n−1 + β| · | on Fn
where
α = lim
i→∞
αi, β = lim
i→∞
βi.
It is easy to prove by induction that
βi ≥
1− 4−n−1
1− 4−i−1
εn, i ≥ n.
Indeed, we can compute
βn = dnβn−1 + εn = εn =
1− 4−n−1
1− 4−n−1
εn,
βi = diβi−1 + εi ≥ di
1− 4−n−1
1− 4−(i−1)−1
εn =
1− 4−n−1
1− 4−i−1
εn, i ≥ n+ 1.
Hence β ≥ (1− 4−n−1)εn > 0. Now, since | · | is strictly convex, it follows from (64)
that ‖ · ‖ is strictly convex on Fn. 
Proof of Proposition 4.1. We define F as the completion of c00(N) endowed with the
norm ‖ · ‖ from Claim 4.7. To prove Proposition 4.1, it remains to show properties
(3) and (4). Let us show (3). By Claim 4.3(iii) and property (b) from Claim 4.7,
we can define
Ux = lim
n→∞
Unx, x ∈ span{e1, e2, . . . }.
Let Û : X → F be the continuous extension of U : span{e1, e2, . . . } → F and
T̂ : F → X be the continuous extension of T : c00(N)→ X . These extensions exist
by properties (c) and (d) from Claim 4.7. Moreover,
‖Ûx‖ ≤ ‖x‖X , x ∈ X,
‖T̂ f‖X ≤ ‖f‖, f ∈ F.
For x ∈ span{e1, e2, . . . }, we can write, using Claim 4.3(ii),
T̂Ux = T̂
(
lim
n→∞
Unx
)
= lim
n→∞
TUnx = x.
It follows that, for every x ∈ X ,
T̂ Ûx = x and ‖Ûx‖ = ‖x‖X
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(since ‖Ûx‖ ≤ ‖x‖X = ‖T̂ Ûx‖X ≤ ‖Ûx‖). Now, (3) follows, as ÛX is an isometric
copy of X and Û T̂ : F → F is a projection on ÛX with ‖Û T̂‖ ≤ 1.
Let us show (4). We know that T̂ Û is the identity on X . For x∗ ∈ X∗, we can
write
Û∗T̂ ∗x∗ = x∗ and ‖T̂ ∗x∗‖ = ‖x∗‖X
(since ‖T̂ ∗x∗‖ ≤ ‖x∗‖X = ‖Û∗T̂ ∗x∗‖X ≤ ‖T̂ ∗x∗‖). By (vi) and (v) from Claim 4.3
and property (b) from Claim 4.7, we have
T̂ ∗span{e∗1, e
∗
2, . . . } ⊂ span{f
∗
1 , f
∗
2 , . . . },
Û∗span{f∗1 , f
∗
2 , . . . } ⊂ span{e
∗
1, e
∗
2, . . . }.
It is clear that even T̂ ∗X ′ ⊂ F ′ and Û∗F ′ ⊂ X ′ where X ′ denotes span{e∗1, e
∗
2, . . . }
and F ′ denotes span{f∗1 , f
∗
2 , . . . }. Now, (4) follows, as T̂
∗X ′ is an isometric copy
of X ′ and T̂ ∗Û∗|F ′ : F
′
→ F
′
is a projection on T̂ ∗X ′ with ‖T̂ ∗Û∗|F ′‖ ≤ 1. 
Proposition 4.8. There is a Banach space (F, ‖·‖) with a monotone basis {f1, f2, . . . }
and its dual basis {f∗1 , f
∗
2 , . . . } such that:
(1) If (Pn)
∞
n=1 denotes the sequence of partial sum operators associated with the
basis {f1, f2, . . . }, then
‖f‖ ≥ ‖Pnf‖+ 4
−n−1‖f − Pnf‖, f ∈ F, n ∈ N.
(2) The norm of F is strictly convex on the linear span of the basis vectors.
(3) F is isometrically universal for all separable Banach spaces.
(4) span{f∗1 , f
∗
2 , . . . } is isometrically universal for all separable Banach spaces.
Proof. By Proposition 4.1, it remains to provide a Banach space (X, ‖ · ‖X) with
a monotone basis {e1, e2, . . . } and its dual basis {e∗1, e
∗
2, . . . } such that X and
span{e∗1, e
∗
2, . . . } are isometrically universal for all separable Banach spaces. We
provide such a space in three easy steps.
(i) There is a Banach space (Y, ‖ · ‖Y ) with a monotone basis {y1, y2, . . . } and
its dual basis {y∗1 , y
∗
2 , . . . } such that Y is isometrically universal for all separable
Banach spaces. Indeed, we can take the universal space Y = C([0, 1]). It was shown
by J. Schauder that Y = C([0, 1]) has a monotone basis (see, e.g., [5, p. 34]).
(ii) There is a Banach space (Z, ‖·‖Z) with a monotone basis {z1, z2, . . . } and its
dual basis {z∗1 , z
∗
2 , . . . } such that span{z
∗
1 , z
∗
2 , . . . } is isometrically universal for all
separable Banach spaces. Indeed, we can consider Z = span{y∗1 , y
∗
2 , . . . }, zi = y
∗
i ,
in which case span{z∗1 , z
∗
2 , . . . } is isometric to Y = span{y1, y2, . . . }.
(iii) Finally, we put X = Y ⊕ Z with the norm
‖x‖X = ‖y‖Y + ‖z‖Z, x = y + z ∈ Y ⊕ Z.
For the dual norm, we have
‖x∗‖X = max{‖y
∗‖Y , ‖z
∗‖Z}, x
∗ = y∗ + z∗ ∈ Y ∗ ⊕ Z∗.
The sequence y1, z1, y2, z2, . . . forms a monotone basis of X and the sequence
y∗1 , z
∗
1 , y
∗
2 , z
∗
2 , . . . forms its dual basis. The requirements on X can be easily veri-
fied. 
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5. Conclusion
Theorem 5.1. There exists a Banach space (E, ‖ · ‖) with a basis {eη : η ∈ N
<N}
and its dual basis {e∗η : η ∈ N
<N} such that
(a) if n1, n2, . . . is a sequence of natural numbers, then the spaces
span
{
en1,...,nk : k ∈ N ∪ {0}
}
,
span
{
e∗n1,...,nk : k ∈ N ∪ {0}
}
are isometrically universal for all separable Banach spaces,
(b) if T is a non-empty well-founded tree, then the dual of
span
{
eη : η ∈ T
}
is Fre´chet smooth,
(c) the basis {eη : η ∈ N<N} is monotone in the sense that, for every tree T , the
projection
PT :
∑
η∈N<N
rηeη 7→
∑
η∈T
rηeη
fulfills ‖PT ‖ ≤ 1.
Proof. Let (F, ‖·‖F ) with a monotone basis {f1, f2, . . . } and its dual basis {f∗1 , f
∗
2 , . . . }
be as in Proposition 4.8. Let (E, ‖ · ‖) and {eη : η ∈ N<N} be the objects which
Proposition 2.7 gives and let {e∗η : η ∈ N
<N} be the dual basis of {eη : η ∈ N<N}.
It remains to prove (a) and (b), as our condition (c) coincides with condition (c)
from Proposition 2.7.
Let us realize that it follows from (c) that
(65) ‖e∗‖ = ‖e∗|PTE‖, e
∗ ∈ span
{
e∗η : η ∈ T
}
.
Clearly ‖e∗‖ ≥ ‖e∗|PTE‖. For every e ∈ E with ‖e‖ ≤ 1, we have ‖PT e‖ ≤ 1, and
so |e∗(e)| = |e∗(PT e)| ≤ ‖e∗|PTE‖. Thus ‖e
∗‖ ≤ ‖e∗|PTE‖.
For a sequence n1, n2, . . . of natural numbers, we have
(66)
∥∥∥ l∑
i=0
rien1,...,ni
∥∥∥ = ∥∥∥ l∑
i=0
rifi+1
∥∥∥
F
, l ∈ N ∪ {0}, r0, r1, . . . , rl ∈ R,
(67)
∥∥∥ l∑
i=0
rie
∗
n1,...,ni
∥∥∥ = ∥∥∥ l∑
i=0
rif
∗
i+1
∥∥∥
F
, l ∈ N ∪ {0}, r0, r1, . . . , rl ∈ R.
Indeed, (66) is nothing else than (a) from Proposition 2.7 and (67) follows from
(65) applied on T = {(n1, . . . , nk) : k ∈ N ∪ {0}}.
Hence, the spaces span{en1,...,nk : k ∈ N∪{0}} and span{e
∗
n1,...,nk
: k ∈ N∪{0}}
are isometric to F and span{f∗1 , f
∗
2 , . . . } which are universal due to (3) and (4) from
Proposition 4.8. This proves (a).
Let us prove (b). Assume that (b) does not hold for a non-empty well-founded
tree T . It means that the dual of
PTE = span
{
eη : η ∈ T
}
is not Fre´chet smooth.
Let (n1, . . . , nl) ∈ N<N. By Lemma 2.3(B) and condition (b) from Proposition
2.7, we have
(68) PTEn1,...,nl = Σ(PTEn1,...,nl,k)
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where
Eν = span{eη : η ⊂ ν or ν ⊂ η}.
By conditions (1) from Proposition 4.8 and (d) from Proposition 2.7, we have∥∥∥ ∑
η∈N<N
rηeη
∥∥∥ ≥ ∥∥∥ ∑
η⊂(n1,...,nl)
rηeη
∥∥∥+ 4−l−2∥∥∥ ∑
η%(n1,...,nl)
rηeη
∥∥∥
for
∑
η∈N<N rηeη ∈ En1,...,nl . Hence, it follows from (68) and Proposition 3.6 that
(69) ∀k : (PTEn1,...,nl,k)
∗ is F-smooth ⇒ (PTEn1,...,nl)
∗ is F-smooth.
Now, using (69) and the assumption that the dual of PTE = PTE∅ is not Fre´chet
smooth, one can construct a sequence n1, n2, . . . of natural numbers such that the
dual of PTEn1,...,nl is not Fre´chet smooth for each l ∈ N∪{0}. As T is well-founded,
there is l such that (n1, . . . , nl) /∈ T . For some L < l, we have
PTEn1,...,nl = span
{
en1,...,ni : 0 ≤ i ≤ L
}
.
The space PTEn1,...,nl is finite-dimensional in particular. By (66), it is isometric
to span{fi+1 : 0 ≤ i ≤ L}, so it is strictly convex by (2) from Proposition 4.8. Its
dual is Gaˆteaux smooth [9, Fact 8.12]. Since the Gaˆteaux and Fre´chet smoothness
coincide for finite-dimensional spaces, the dual of PTEn1,...,nl is Fre´chet smooth.
This is a contradiction, and (b) is proved. 
Corollary 5.2. There are Borel mappings Φ,Ψ : Tr→ SE(C([0, 1])) such that
(a) if T is ill-founded, then Φ(T ) and Ψ(T ) are isometrically universal for all
separable Banach spaces,
(b) if T is well-founded, then (Φ(T ))∗ and Ψ(T ) are reflexive and Fre´chet smooth.
Proof. Let
I : E → C([0, 1]) and J : span
{
e∗η : η ∈ N
<N}→ C([0, 1])
be isometric embeddings. For a tree T , let
Φ(T ) = I
(
span
{
eη : η ∈ T
})
,
Ψ(T ) = J
(
span
{
e∗η : η ∈ T
})
,
where span ∅ is defined as {0} (cf. this with the construction of E(θ) in [2, p. 169]
or with the analogical constructions in [3, 10, 13]).
The mappings Φ,Ψ are Borel, since, for an open V ⊂ C([0, 1]), the sets {T ∈
Tr : Φ(T ) ∩ V 6= ∅} and {T ∈ Tr : Ψ(T ) ∩ V 6= ∅} are open in Tr. This can be
checked via
Φ(T ) ∩ V 6= ∅ ⇔ ∃M ⊂ N<N finite, I
(
span{eη : η ∈M}
)
∩ V 6= ∅ : M ⊂ T
and the analogical equivalence for Ψ.
Our condition (a) is an immediate consequence of condition (a) from Theo-
rem 5.1. Similarly, the part of (b) concerning Φ(T ) is a consequence of (b) from
Theorem 5.1 and the fact that a space is reflexive if its dual is Fre´chet smooth [9,
Theorem 8.6]. To prove the part of (b) concerning Ψ(T ), it is sufficient to realize
that Ψ(T ) embeds isometrically to (Φ(T ))∗ by equality (65) which was proved in
the proof of Theorem 5.1. 
Remark 5.3. Using Corollary 5.2, one can show that the families of Fre´chet smooth
spaces and of spaces with Fre´chet smooth dual are coanalytic non-Borel (cf. with
[3, Corollary 3.3]). The same holds for the Gaˆteaux smoothness.
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Theorem 5.4. Let X be a separable Banach space. If one of the conditions
• X contains an isometric copy of every separable Banach space with Fre´chet
smooth dual space,
• X contains an isometric copy of every separable reflexive Fre´chet smooth
Banach space,
is satisfied, then X is isometrically universal for all separable Banach spaces.
Proof. We just follow the lines of the proof of [10, Theorem 9]. By [10, Lemma
7(ii)], the set
A =
{
Y ∈ SE(C([0, 1])) : X contains an isometric copy of Y
}
is an analytic subset of SE(C([0, 1])).
Let Φ and Ψ be as in Corollary 5.2. The sets Φ−1(A) and Ψ−1(A) are analytic
(see, e.g., [14, (14.4)]) and, by the assumption of the theorem, one of them contains
all well-founded trees. This one contains an ill-founded tree, as the set of well-
founded trees is not analytic (see, e.g., [14, (27.1) and the comment below (22.9)]).
Hence, A contains a space which is isometrically universal for all separable Banach
spaces. 
References
[1] S. A. Argyros and P. Dodos, Genericity and amalgamation of classes of Banach spaces, Adv.
Math. 209, no. 2 (2007), 666–748.
[2] B. Bossard, Coanalytic families of norms on a separable Banach space, Ill. J. Math. 40, no.
2 (1996), 162–181.
[3] B. Bossard, A coding of separable Banach spaces. Analytic and coanalytic families of Banach
spaces, Fund. Math. 172, no. 2 (2002), 117–152.
[4] J. Bourgain, On separable Banach spaces, universal for all separable reflexive spaces, Proc.
Am. Math. Soc. 79, no. 2 (1980), 241–246.
[5] J. Diestel, Sequences and series in Banach spaces, Graduate Texts in Mathematics 92,
Springer-Verlag, 1984.
[6] P. Dodos, On classes of Banach spaces admitting “small” universal spaces, Trans. Am. Math.
Soc. 361, no. 12 (2009), 6407–6428.
[7] P. Dodos, Banach spaces and descriptive set theory: selected topics, Lecture notes in math-
ematics 1993, Springer, 2010.
[8] P. Dodos and V. Ferenczi, Some strongly bounded classes of Banach spaces, Fund. Math.
193, no. 2 (2007), 171–179.
[9] M. Fabian, P. Habala, P. Ha´jek, V. Montesinos Santaluc´ıa, J. Pelant and V. Zizler, Functional
analysis and infinite-dimensional geometry, CMS Books in Mathematics 8, Springer, 2001.
[10] G. Godefroy, Universal spaces for strictly convex Banach spaces, Rev. R. Acad. Cien. Serie
A. Mat. 100, no. 1-2 (2006), 137–146.
[11] G. Godefroy, Descriptive set theory and the geometry of Banach spaces, in Perspectives in
Mathematical Sciences II, Pure Mathematics, N.S.N. Sastry Ed., World Scientific (2009),
63–82.
[12] G. Godefroy, Analytic sets of Banach spaces, Rev. R. Acad. Cien. Serie A. Mat. 104, no. 2
(2010), 365–374.
[13] G. Godefroy and N. J. Kalton, Isometric embeddings and universal spaces, Extr. Math. 22,
no. 2 (2007), 179–189.
[14] A. S. Kechris, Classical descriptive set theory, Graduate Texts in Mathematics 156, Springer-
Verlag, 1995.
[15] A. Szankowski, An example of a universal Banach space, Isr. J. Math. 11, no. 3 (1972),
292–296.
[16] W. Szlenk, The non-existence of a separable reflexive Banach space universal for all separable
reflexive Banach spaces, Stud. Math. 30 (1968), 53–61.
34 ONDRˇEJ KURKA
Department of Mathematical Analysis, Faculty of Mathematics and Physics, Charles
University, Sokolovska´ 83, 186 75 Prague 8, Czech Republic
E-mail address: kurka.ondrej@seznam.cz
